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■^ This paper gives a twistor-string formulation for tree amplitudes of Einstein (super- 

)gravities for AA = and 4. Formulae are given with and without cosmological constant 

I— I and with various possibilities for the gauging. The formulae are justified by use of Malda- 

' •p^f cena's observation that conformal gravity tree amplitudes with Einstein wave functions 

Q^ and non-zero cosmological constant will correctly give the Einstein tree amplitudes. This 

D justifies the construction of Einstein gravity amplitudes at AA = from twistor-string 



> 



Abstract 



theory and is extended to AA = 4 by requiring the standard relation between the MHV- 
degree and the degree of the rational curve for Yang-Mills; this systematically excludes 
the spurious conformal supergravity gravity contributions. For comparison, BCFW re- 



^^ cursion is used to obtain twistor-string-like formulae at degree zero and one (anti-MHV 

CN and MHV) for amplitudes with AA = 8 supersymmetry with and without cosmological 

|--^ constant. 
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1 Introduction 

Perhaps one of the most striking formulae to emerged from Witten's twistor-string 

theory [1] was the formula for the tree-level S-matrix of AA = 4 super Yang-Mills as an 
integral over rational curves in twistor space [2]. The formula is 



■^d,n f=l '^^ ~ ^*-l 

where Oj are the twistor space wave functions for the scattered particles, the integral 
is over the space ^d,n of maps of a rational curve to twistor space of degree d with 
n marked points, a is a coordinate on the rational curve and Z(a) the map from the 
rational curve to twistor space. Although the detailed definitions are left until later, it 
is nevertheless clear that this remains the most succinct formula for gauge theory tree 
amplitudes that manifests the most symmetries. 

Twistor-string theory also contains AA = 4 conformal supergravity [3] and analogous, 
albeit more complicated, formulae can be obtained for conformal supergravity ampli- 
tudes [4, 5]. These formulae have potential extensions to loop amplitudes although the 
anomalies are still not well understood, see [6, 7, 8]. The presence of conformal super- 
gravity has been the most significant obstruction to applying twistor-string theory to 
gauge theory amplitudes as, naively at least, there would be no mechanism for prevent- 
ing conformal supergravity modes from running around the loops and corrupting the 
answers. On the other hand, this presents an opportunity, as conventional gravity sits 
inside conformal gravity at the level of the field equations. Indeed this was part of the 
motivation for the string theories for Einstein supergravities proposed in [9], where a 
gauging was introduced to restrict the spectrum of conformal supergravity to that of 



Einstein supergravity, the hope being that the twistor-string theory would then correctly 
produce the amplitudes. However, these twistor-string theories turned out to be unten- 
able descriptions of Einstein gravity as the gauging effectively eliminated the instanton 
sectors, reducing the theories to chiral interactions [10, 11]. 

Recently, Maldacena [12] has shown that if one considers gravity with a non-zero 
positive cosmological constant A embedded in conformal gravity, then the conformal 
gravity calculation of the tree-level amplitudes will give the correct result for Einstein 
gravity simply using Einstein gravity scattering states. The argument, based on earlier 
work of Anderson [13], relies on showing that the conformal gravity action evaluated on 
a solution to the Einstein equations yields a fixed multiple of the regularized Einstein 
action (together with the Euler characteristic). With de Sitter asymptotics the Einstein 
action is necessarily divergent, being proportional to A times the volume. However, it 
is now well understood how to regularise the volume (c.f., [14, 15, 16]) and one obtains, 
assuming Rab = ^gab, using the Chern-Gauss-Bonnet formula 

d^x^\W\' = 87r\-h^V. (1.2) 

Here, \W\'^ is the contracted square of the Weyl curvature, V is the regularized volume 
and X the Euler characteristic. Thus, up to an irrelevant numerical factor and topo- 
logical term, one obtains A multiplied by the Einstein action. The tree-level S-matrix 
is essentially the action evaluated on a perturbative solution to the equations, so we 
conclude that, up to this multiple of A, the conformal gravity calculation of amplitudes 
restricted to Einstein gravity in and out states will give A times the Einstein amplitudes. 
This correspondence will degenerate as A is taken to zero and this perhaps goes some 
way to explain the difficulties found by [10, 11] with the Einstein twistor-string theories 
proposed in [9] but raises the hope that something can be done when A ^ 0. 

In this article we will make the (widely believed) assumption that twistor-string the- 
ory correctly gives rise to conformal supergravity amplitudes at tree-level. Maldacena's 
argument will then allow us to deduce such formulae for gravitational tree amplitudes 
for A 7^ 0. This limit A — )■ is, at least in abstract, straightforward because, by con- 
struction, an n-point amplitude will be a polynomial of degree n in A that vanishes at 
A = 0, so we can divide by A to obtain the correct Einstein amplitudes. After a brief 
review of twistor-string theory for conformal supergravity amplitudes, we explain how 
Einstein scattering states can be inserted into the twistor-string formulae. We examine 
some elementary amplitudes, at degrees zero and one, discuss their extension to AA = 4 
supergravity^ and the limit A — )■ 0. We show that the embedding of the Einstein states 
into the conformal supergravity degree zero amplitudes corresponds to a reduction of 
the self-dual twistor action of Berkovits and Witten [3] to the self-dual Einstein twistor 
actions of [18] multiplied by A. We show that the some amplitudes for conformal super- 
gravity when restricted to Einstein supergravity wave-functions are inconsistent with 



^It is well known that dc Sitter supergravity is problematic [17] in the sense that the supersynimetry cannot 
remain unbroken if represented unitarily. This will make little difference to our perturbative calculations as 
all formulae are polynomial in A and the sign can be taken either way. 



Einstein supergravity, but that these can be systematically eliminated by requiring the 
standard relationship between the degree d of the space of rational curves on which the 
amplitude is computed, and the MHV degree k of the amplitude, d = k + 1. We also 
show that BCFW recursion at degree zero and one give rise to twistor-string-like formu- 
lae at degree zero and one (similar twistor-string-like formulae were already found for 
MHV amplitudes with A = in [19, 20]). Some comments about the validity of BCFW 
recursion with A 7^ are included in appendix A. Thus, twistor-string tree formulae 
exist for Einstein supergravities with AA = 0, 4 and at low degree for M = 8. This 
provides the best evidence so far for the existence of an Einstein twistor-string theory. 

For the most part we use general wave functions for the scattering represented in 
twistor space. In the BCFW section we use wave functions supported at a point in 
twistor space. These are particularly advantageous in this context because, although 
gravity breaks conformal invariance, it does so in a particularly mild way: linearized 
spin two fields are conformally invariant and can be mapped onto linear gravity per- 
turbations with positive, negative or vanishing cosmological constant according to taste 
[21]. Twistor theory makes this conformal symmetry breaking manifest with the choice 
of an infinity twistor that determines the cosmological constant. This underlying con- 
formal invariance means that we also obtain attractive formulae for the three-particle 
amplitudes using momentum eigenstates that are not adapted to the de Sitter group, 
but to a 4-dimensional translation subgroup of the conformal group appropriate to the 
A — 7- limit of the infinity twistor. Such three point amplitudes in de Sitter space have 
been studied in [22] with a conjectured extension to higher numbers of points in [23] 
made explicit at four points in [24]. However those momentum eigenstates are tied to 
a different choice of translation subgroup of the conformal group, and so are difficult to 
compare except in their A = limit; even there, there are additional (singular) factors 
in their formulae, whereas ours have smooth limits at A = 0. Nevertheless, theirs, being 
tied to the geometry of infinity in AdS, are useful for studying gravity amplitudes in the 
AdS/CFT correspondence. 

An alternative approach to these ideas arises from the twistor action for conformal 
supergravity [25, 7]. This can be thought of as giving the string field theory for twistor- 
string theory. Again the Maldacena argument shows that, up to a factor of A, these 
will give the correct amplitudes for Einstein gravity at tree-level when restricted to 
Einstein wave functions. A more complete exposition of these findings which also treats 
these issues from the perspective of the space-time and twistor actions extending and 
consolidating [20] for gravity with a cosmological constant will appear in [26]. 

2 Twistor-strings for conformal supergravity 

Nonprojective twistor space is T = C^'^ and projective twistor space is PT = T/{Z ~ 
e"Z}, a G C. A twistor will be represented as Z^ €z T, Z^ = (Z",x"), a = 0, ...3, 
a = 1, ... ,4 with Z" bosonic and x^ fermionic and the bosonic part Z"' = (Ayi,/[/ ), 
A = 0,1, A' = O'l'. A point {x,9) = (x ,9 ) in chiral super Minkowski space-time 



M corresponds to the CP (complex line) X C PT via the incidence relation 

^^'=tx^^'XA, x'^ = ^^'^Aa. (2.1) 

with Xa homogeneous coordinates along X. 

We use a closed string version^ of the Berkovits model^ [6] with a Euclidean world- 
sheet S. This is the most natural formulation for making contact with arbitrary signa- 
tures and the standard cohomological descriptions of wave functions on twistor space, 
whilst exploiting the relative simplicity of the Berkovits model. The fields are 

Z:S^T, y G f]^'°(S)0T*T, and aGJl°'^(S). 

The action is 

S[Z, Y,a]= f YiBZ^ + aZ^ Yj + Sc , (2.2) 

where Sc is the worldsheet current action. This action has the gauge freedom 

(Z, Y, a) -^ (e"Z, e'^'Y, a - da) . 

The gauging reduces the string theory to one in PT and the formalism allows one to use 
homogeneous coordinates on PT. 

The amplitudes are computed as path integrals of CFT correlators of vertex operators 
on S. For gravity, the vertex operators correspond to deformations of the complex 
structure together with deformations of the S-field (a Hermitian (1, l)-form determining 
the metric in the heterotic framework, although in the half-twisted framework, reduction 
to Q-cohomology means that only the cohomology class in H^{Q}'^) is relevant). These 
are given by 0-closed (0, l)-forms F on the bosonic part of twistor space PT with values 
in T © T*PT, which can be represented on T by 9-closed (0, l)-forms F := {f^,gi) of 
homogeneity (1, —1) satisfying djf = = Z gj, defined modulo gauge transformations 
{aZ^ , dj(3). These conditions imply that {f^di,gidZ^) represents a section of T©T* PT. 
The corresponding vertex operators take the form 



Vf := Vf + y9-= f fizYYi + g{Z)idZ' . 



These can, in the usual way, be thought of as perturbations of the action (2.2). In this 
context Vf corresponds to a deformation of the complex structure of the twistor space 
and V^ to a deformation of the Hermitian (strong Kahler with torsion) structure [7] . 

Conformal supergravity tree-level amplitudes arise when S = CP and are given by 
the path integral perturbed by the vertex operators. This can be expanded in {f,g). 



^This is essentially equivalent to a heterotic half-twisted (0, 2)-modcl of twistor-string theory [7]. Such 
heterotic models are equivalent to a gauged linear /3-7 system using the ideas of [27]. This is in practice also 
equivalent to Witten's B-model in which the role of the Dl-instantons is taken over by the fundamental string. 

■^The standard Berkovits open twistor-string would be just as good for most of the considerations in this 
paper; although it is tied into split signature and gets some signs wrong, subtleties over choices of contours 
are avoided. 



The path-integral over the non-zero modes leads to the CFT correlation function of 
the polynomials in the vertex operators being taken. The remaining integral over the 
zero-modes gives the finite-dimensional path integral over the worldsheet instantons 

oo „ 

M{l,...,n) = J2 df,d{VF,...VFjd, (2.3) 

over the space ^d,n of maps Z : CF — t- PT of degree-d and n marked points.'* See [10] 
for further explanation. To be more concrete, we can represent the maps by 

ZM = !;.;.?-'[/,.. i,,^-^^±^^Jli'i'u^. (2.4) 

where aA are homogeneous coordinates on CP and tr G T provide a set of coordinates 
on ^d,o with redundancy GL(2,C) acting on the a and hence the Ur- The vertex 
operator Vp. = VF{Z{ai)) is inserted at the ith marked point at G S, and the correlator 
naturally introduces a (l,0)-form at each marked point either from the 1/ or the dZ , 
whereas the 'wave-functions' {f^,gi) naturally restrict to give a (0, l)-form at each 
marked point. 

The correlators are computed by performing Wick contractions of all the Ys with 
Zs to give the propagator 

{Y{a)iZ^{a'))=(^) ^, Ba = a-da, a ■ a' = aoa[ - a^a'o . (2.5) 

When Y acts on a function of Z at degree d, it then differentiates before applying 
the contraction; Y acting on the vacuum gives zero so that all available Ys must be 
contracted, but this contraction can occur with any available Z. The ^ is an arbitrary 
point on the Riemann sphere and reflects the ambiguity in inverting the 9-operator on 
functions of weight d on S. The overall formula should end up being independent of the 
choice of ^. 

Unlike the Yang-Mills case, the degree d of the map is not directly related to the 
MHV degree of the amplitude (which essentially counts the number of negative helicity 
gravitons minus 2). The MHV degree of an amplitude counts the number of insertions 
of Vg minus 2 (so the MHV amplitude has two V^s). Conformal supergravity amplitudes 
have been calculated from this formula in [4, 5]. 

3 Reduction to Einstein Gravity 

Even for Einstein gravity without supersymmetry, we will need to use the supergeometry 
of AA = 4 supertwistor space. ^ We first give the restriction required of the vertex 
operators for N = A supersymmetry and then for AA = 0. 



''The rules for taking the correlators are different at different degrees, hence the subscript d on the correlator. 
■''At tree-level we can pull out the pure gravity parts of the amplitude, but their construction still relics on 
the fermionic integration built into the twistor-string formulae. 



To reduce to the Einstein case we must break conformal invariance. This is done by 
introducing skew infinity twistors Ijj, /^"^ with super-indices I = [a, a). The bosonic 
parts /q,/3, I"^ satisfy 

where A is the cosmological constant. In terms of the spinor decomposition of a twistor 
Z"' = (Aa, fJ'^ ) we have 



i-^=rT Jb']- (3.1 



They have rank two when A = (i.e., the cosmological constant vanishes) and four 
otherwise. 

The geometrical interpretation of Iai3 is that lines in PT on which lapZ^^dZ" vanishes 
correspond to points at infinity. This can be expressed more directly by writing a line 
in twistor space as a bi-twistor X°^" = A^-^B"^ where A, B are a pair of points on the 
line. Normalizing against the A = infinity twistor, we have 

Then infinity J^ is the surface X'^^Iap = which gives 2 — Ax^ = in these coordinates. 
This is null when A = 0, space-like for A > (the de Sitter case), and timelike for A < 
(the AdS case). The metric in these coordinates is then, with our normalization, 

2 _ £»/3-ygdX"/^dXT"^ _ AAx^^'dxAA' .„ „. 

"^^ ~ {i-xy ~ (2-Ax2)2 • ^"^-^^ 

In the supersymmetric cases, the fermionic parts of /^"^ can be non-zero and correspond 
to some gauging of the i?-symmetry of the supergravity [28, 18]. 

Geometrically I^^ and Ijj respectively define a Poisson structure {, } of weight —2 
and contact structure r of weight 2 by 

{hi, /i2} := I"dihidjh2 , r = IijZ'dZ^ , 

and we can use the Poisson structure to define Hamiltonian vector fields X^ = I^'^djhdj 
which will be homogeneous when h has weight 2. 

The Einstein vertex operators {Vh, V^) correspond to Vf+Vg subject to the restriction 
{f,gi) = (I'^djhMjZ^) so that 

Vh= [ I'^Yidjh , V-^= [ fiAT. (3.4) 

Jt, Jt. 

This is perhaps most easily seen in the non-supersymmetric case by observing that the 
deformation of the complex structure used in the nonlinear graviton construction arises 



from /" = I'^^dah, see [29, 30] and these are what leads to the self-dual Einstein defor- 
mations. Supersymmetric cases are discussed in [28, 18], including cosmological constant 
where this is simply extended to / = I djh. In these supersymmetric extensions, non- 
trivial fermionic components of the I^^ are allowed and correspond to the gauging of 
(parts of) the R-symmetry of the supergravity. We then use the twistor transform to 
deduce the corresponding formula for gi [21] (see also below). 
In terms of component fields 

h = 62 + X>la + xVa2ab + XaV'-l + xV-2 , 

h = (A-2 + X>-3a + xV«-4ab + Xa/5-5 + X^e„6 , 

where Xa = ^ahcdlx^X^X'^ ^"^^ X^ = ^ahcdX°'x'!'x'^X'^ and the subscripts denote the homo- 
geneity k of the twistor function which is related to the helicity of the corresponding 
space-time fields by —{k — 2)/2. The corresponding fields on space-time are most easily 
obtained from the integral formula 



^{x,e) := / hAT. 
Jx 



Assuming that r only has bosonic components, from the dependence of h on the 9s 
through x" = 9 Xa this formula gives a superfield with just four terms 

|.(X, 9) = 4>{X) + ^^"7?Aa + . . . + 9^''9''''9^'9''''eabcdWABCD 

containing an AA = 4 super-multiplet starting at a solution to the wave equation going 
down to an anti-self-dual Weyl spinor Wabcd satisfying their standard conformally 
invariant field equations on de Sitter space (so that for example {C\ -\- i^)(j) = = 
V Wabcd)- Clearly h corresponds to an identical multiplet but of the opposite 
chirality. 

The analagous conformal gravity multiplet is 



W{x, 9)= f gidZ^ = C{x) + 0(9) 
Jx 



whose leading leading component C{x) satisfies the conformally invariant equation 
□^C(a;) = [31]. The reduction to Einstein gravity implies the restriction of W{x,9) 
to the form given above satisfying a second order rather than fourth order wave oper- 
ator. With gi dZ = h At we will have that W{x, 9) vanishes on J^ (as r vanishes on 
lines corresponding to points of J^), and this is one way of distinguishing the linearized 
Einstein supergravity inside linearized conformal gravity. 

In order to reduce to standard non-supersymmetric Einstein gravity we must impose 

h = 62 , and h = x &-& ■ (3-5) 

Following Maldacena's argument [12], with non-zero cosmological constant, conformal 
gravity tree-amplitudes restricted to Einstein wave functions will give rise to Einstein 



tree amplitudes. Thus, evaluated on vertex operators contructed from (3.4) with (3.5), 
(2.3) leads to the construction of Einstein gravity tree amplitudes. With this restriction, 
we see that there is now a correlation between degree of the maps and MHV degree, as 
fermionic variables only come with h: since there are Ad fermionic integrations in the 
path integral for the amplitude, there must be d insertions of h. As we will see, this no 
longer holds for Einstein supergravity and indeed we will be able to construct spurious 
amplitudes. However, we will nevertheless be able to characterize those amplitudes that 
are appropriate to Einstein gravity. 

3.1 Amplitudes at degree 

Starting with no supersymmetry (i.e., with (3.4) and (3.5)) the only three-point ampli- 
tude we can obtain at degree zero must arise from one Vg and two Vys. This leads to 
the 3-point MHV-bar amplitude. In conformal supergravity we obtain 

A^g^G^^(/l,/2,<73)= / 53/A[/i,A/2]^Af] 

where Q. = DZ^'^ is the super-Calabi-Yau volume form on PT. Because one of the Ys 
must contract with the dZ on a degree zero map (otherwise dZ = 0), and the other 
contraction leads to derivative terms that can be integrated by parts to obtain the above 
formula. 

We start by calculating this with AA = 4 supersymmetry, but to simplify consider- 
ations we will assume that I^^ Ijk = A5]^ where A is the cosmological constant (and 
A = corresponds to the standard rank- two infinity twistors). When Einstein vertex 
operators are inserted, this reduces to the formula 

M^^{Xh,,Xh,Mf\T)= I hsAX{h^^h^yjTAn = 2A [hs{huh2}An. (3.6) 

JPT J 

The second equality follows from the general identity 

XhJT = Z^IijI^^dKh = 2Ah , (3.7) 

where I Ijk = Ad]^ allows us to use the homogeneity relation Z djh = 2h and not 
break supersymmetry. 

Restricting to the case of AA = supersymmetry, this can be simply evaluated on 
momentum eigenstates^ with 4-momentum P^^ = p^p^ 



ds -o, . , „,,A'i 



ek= I -j-^,~5\s\A-PA)e''' ^^' (3.8) 



^We remark that there are no 4-monienta for the dc Sitter group, and these momentum eigenstates are 
somewhat unnatural as far as the de Sitter geometry is concerned; they are singular on a finite Ughtcone and 
do not recognise infinity. Nevertheless, they limit nicely onto the standard ones for flat space as A — > being 
the momenta dual to the coordinates introduced in the previous section. 



where the complex delta functions are defined by [32] 



5{z) = 6(Re z)6{lm z)dz = —d^. (3.9) 

27ri z 

This leads to the formula: 

M^^{1,2,3) = 2A^^i^ (2 - AG,) 5^ (j^p.) (3.10) 

where □, is the wave operator in the momentum variable.^ This reduces to the standard 
answer when divided by A in the limit as A — )■ 0. This provides an explanation for the 
observation of [11] that the Einstein three point MHV-bar amplitude sits inside the 
conformal supergravity three point MHV-bar amplitude. 

Berkovits and Witten [3] also identify an amplitude involving just three Vjs for 
conformal gravity, and after reduction to Einstein supergravity this gives 

M{hi,h2,h3) = [ /^^/-^^/^^^^l^i d],Lh2 dlt^h^ An. 

In particular, this determines a coupling linear in the scalar and quadratic in the ASD 
spin-2 part of gravity consistent with a (/yW"^ term in the action. This term is clearly 
absent for M = and its appearance at AA = 4 is not consistent with Einstein super- 
gravity, and is therefore spurious. We also note that this is a contribution that violates 
the relationship between the MHV degree and the degree of the the map involved. 

All other possible insertions of vertex operators vanish at degree zero as any oc- 
currence of dZ needs to be contracted with a y to obtain a non-zero answer as Z is 
constant at degree zero. 

3.2 Reduction to the SD twistor actions 

The degree zero sector couplings suggest SD twistor actions as follows. Here the /^ 
is regarded as a perturbation Bf = B -\- f dj of the standard complex structure B on 
PT. The Q-closure requirement gives Bf = 0. This combined with the degree-zero 
interactions gives the Berkovits- Witten self-dual conformal supergravity action [3] 

^C-SUGRA[^^^]^ / giA{Bf + [f,AfY)An. 

JPT 

The equations of motion give the vanishing of N^{f) := Bf^ + [/, A/]^, the Nijenhuis 
tensor associated to the almost complex structure Bf = B + f Bj. This vanishing implies 



^This latter comes about because of the term Ke Asdhi / d\Adh2 / OXb in the Poisson bracket. The derivative 
with respect to A^ when acting on hk as in (3.8) can be re-expressed as derivatives with respect to pA which 
in turn lead to PA'd/dpAA' when acting eventually on the momentum conserving delta function. 

Note that it does not matter which momentum variable is being differentiated as the delta-function is a 
function of the sum of all three. The failure of translation invariance that we expect in de Sitter space arises 
essentially because of this Dp term as it is the Fourier transform of a factor of x'^, and this rather more 
manifestly breaks translation invariance. 

10 



the integrability 9? = of the almost complex structure dj. The other equation of 
motion is dfgi = 0. Via the supersymmetric nonlinear graviton construction, this leads 
to SD conformal supergravity with an anti-self-dual linear conformal supergravity field 
W{x, 6) corresponding to gjdZ^ on the nonlinear SD background. 

When (3.4) is substituted into the action, we obtain contractions of the infinity 
twistor with itself in both the quadratic term and the cubic term leading to AZ^djh = 
2Ah by homogeneity in both terms (just as in the relation X^jt = 2Ah before). These 
are off-shell relations and we therefore obtain 

Sm^^^[h, h] = 2A [ hA{dh + {h,Ah})/\n, 

and, up to the factor of 2A, this is the self-dual Einstein supergravity action as found 
in [18]. Once divided by A, this action gives the SD sector of supergravities both when 
A = and A / 0. 

3.3 Amplitudes at degree 1 

For the non-supersymmetric case V^ has no fermonic variables and Vj^ has four. Since 
there are now 8 fermionic integrations, we must have precisely two V^ insertions but can 
have as many V/j insertions as we like, and this leads to the MHV amplitudes. For the 
case of the three point MHV amplitude 



-^Miv''''''^(l'2,3) = [ dfi,{VhV~,Vf^) , (3.11) 



since the conformal supergravity twistor-string is thought to be parity invariant, we 
expect to obtain the parity conjugate of the MHV-bar amplitude (3.10) (this must be 
the case if, as we have been assuming, the twistor string correctly reproduces conformal 
supergravity tree amplitudes). This can be compared to the calculations of [5]. They 
do show that the spin two part of the amplitude will vanish when A = (this is the 
vanishing of their (e2e_2e_2) component) as we expect. However, they do not check the 
nonvanishing components of the '/(^V^^/)' amplitude (this would in particular include 
their {(^2^-2^~'il component). 

At MHV, the contraction of Vh with r vanishes. This can be seen as follows. We 
first note that 



(^V)V;) ^ L, ^^/V(.'))^ 



The contraction with r is therefore 



so if /^ = P^ djh is an Einstein wave function, we obtain a contraction between two 



11 



infinity twisters which gives Ijjl = Ady so that we obtain 

{T{a)V,) = ABa f \i^.,''\,, (2(^ • a')Z'{a) - (^ • a)Z'{a')) drh{a' 



2AV)aaA 



2ADa.W d'i : %,7r^n =0- 



In the second hne we have used the homogeneity relation Z ■ dh = 2h and the chain rule 
together with the linearity of Z{a') in a' to deduce that a-d(jih{Z{a')) = Z\a)dih{Z {a')) . 
Thus contractions of r with Vh vanish® . 

The only Wick contractions are therefore of the form: 

\ I d=\ (ct2-0-3)(^- 0-2)2 

Hence, (3.11) can be written: 

(3.12) 
Using Z^ = U aA, we can set 

« I ^? 9h 

Ojh 



'jri-s 



{a3-ai)dU^^' 



Inserting this into (3.12), we can integrate by parts with respect to U. Our choice means 
that ^ annihilates hi as well as /^■^9//i2, since this vector is divergence- free. Hence, 
the only contribution we obtain is when the derivative hits the (f/^)^ factor leading to 

4 fdfii U^IikZ^-. ,i^"'^'\,, :^l'''h3djh2hiT\Ba, + (1 f^ 3) 

J (0-3 • cri)(cr2 •0-3)(^- 0-2)2 ^^ 

= -4A fdfii U^-. .^^'"""K,, ^/i3 Zi ■ d2h2hiWBaj + (1 o 3). 

J (0-3 • 0-i)(0-2 •0-3)(C- 0-2)2 J-.-l- 

* This calculation can also be understood in terms of building a Picard-iterativc solution to the equation 

dZ\<T)=l'-^djh{Z{<T)) 

for a rational curve of degree 1 with respect to the complex structure deformed by the Hamiltonian vector 
field of h. The contraction of Vh with r gives the first order deformation of r under the deformation and so 
its vanishing corresponds to the preservation of t under this deformation. Further details will appear in [26]. 

12 



When Z (a) is a degree one function in a, with Zi = Z{ai), the chain rule gives 
This enables us to integrate by parts with respect to D(T2, obtaining 

J (0-3 •cri)(<T2 •cr3)(^-0-2)^ V (0-2 • Cr3)(^ • 0-2) / 

X /l2/ll/l3fjDcrj + (1 O 3). 

J 

Two applications of the Schouten identity reduces this to 

-^MHV^^(1,2,3) = 2A / dfiiU^- ^2?^^ -^hih2h^aiBa2Ba3 , (3.13) 

/^i,3 (^1 • 0-2)^0-2 • cr^y 

and on insertion of moment eigenstates for the hi, this evaluates directly to give the 
parity conjugate of (3.10). This follows by observing that C/^ = (2 — Ax^) so that once 
the d'^x is integrated out to obtain the momentum delta- functions, the x^ factor becomes 
a Op on the momentum delta function. 

Spurious amplitudes 

At degree 1, we can also construct amplitudes with say n Vj^ insertions. Here there 
are no contractions and each V^ integral is a Penrose transform evaluation that directly 
gives ^{x,6) on the degree-1 line corresponding to {x,6). Thus the amplitude is simply 
J d'^'^x^{X,d)"'. This contains terms such as f d^x0"~^l^^ (the n = 3 case being the 
parity conjugate of the degree zero (VhVhVh) amplitude). These sum to give 



/"d4|8xe*("'^)= f d^xe^W^) + . ■ ^ 



This is part of the expected action for conformal supergravity and so is not consistent 
with amplitudes from an Einstein supergravity action. 

Amplitudes with just Vh insertions are studied in [4]. These can come in at different 
degrees, and when local on space-time, will be the parity conjugate of those arising from 
multiple V^ insertions. These also correspond to conformal supergravity interactions 
that do not occur in Einstein supergravity. 

These two classes of degree one non-MHV amplitudes are in a different conformal 
supersymmetry representation than the single nontrivial MHV Einstein gravity ampli- 
tude. Indeed in conformal supergravity there are nontrivial amplitudes of any MHV 
degree at degree one. However, only the MHV amplitude contains a nontrivial M = 
Einstein gravity amplitude and its extension to AA = 4 supersymmetry will therefore be 
the nontrivial Einstein supergravity MHV amplitude. None of the N MHV conformal 
supergravity amplitudes for k ^ will play a part in Einstein supergravity at degree 1 
and must be ignored. 
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3.4 Higher degree 

We have made the assumption that the twistor-string formulae do correctly give confor- 
mal supergravity at tree level as they are believed to. Thus with the vertex operators 
(3.4), (3.5) appropriate to Einstein gravity without supersymmetry, we will obtain grav- 
ity amplitudes by the Maldacena argument. By counting fermionic integrals against the 
fermionic coordinates appearing in the vertex operators, it follows that these will only be 
nontrivial when the degree is d = 1 + k, with k the MHV degree. The AA = 4 completion 
of these N'^MHV amplitudes is then precisely what we obtain from the ansatze 

A^f=^(l,...,n) = i / df,k+i{V~,^...V~,^^VH,^,...VHjd=k+i. (3.14) 

These amplitudes are in the same irreducible representation of AA = 4 SUSY as the 
standard nontrivial M = Einstein amplitudes, and therefore must be the nontrivial 
Einstein AA = 4 SUGRA amplitudes. The other possible amplitudes that one might 
inherit from conformal gravity, in which the MHV-degree of the amplitude is not related 
to the degree of the rational curve, d / fc + 1, will be spurious like those discussed above 
at degree zero and degree one. We therefore conclude that (3.14) gives the tree-level 
S-matrix of Einstein gravity with A 7^ 0. 

However, by construction, each vertex operator is linear in A, so an n particle ampli- 
tude is a polynomial in A of degree n with vanishing A*^ part by the Maldacena argument. 
Thus (3.14) also makes sense at A = and must by continuity give the correct answer 
there. It has so far proved difficult to make the expected overall factor of A in these 
amplitudes explicit except at degrees and 1. 

4 Af = 8 Supergravity and Recursion 

For Einstein supergravity we expect to be able to obtain formulae all the way up to 
M = 8. The twistor-string approach does not immediately give any guidance on this 
and in the following we obtain formulae based on supersymmetric BCFW recursion for 
gravity [33] and its translation into twistor space [34] . Here we rewrite those formulae in 
a notation that is more suggestive of twistor-string theory (and without the restriction 
to split signature) and extend them to A 7^ 0.^ We will be working directly with the 
Einstein amplitudes so the overall factor of A present in the formulae above will be 
absent and we will be able to take A — )• directly. However, we will only be able to 
obtain twistor-string-like forulae at degree zero and one. 

Hereon, we will work in M = 8 supertwistor space Trgi so that Z = (Z", x") where 
now a = 1, ... ,8 and the corresponding holomorphic volume form ilrgi = D'^'^Z now 
has weight —4 (so PTrgi is no longer Calabi-Yau). We can embed the above AA = 4 

^For this extension to be valid, one must also prove the extension of the result of [35] that the BCFW shift 
of Einstein amplitudes with cosmological constant falls off appropriately as the parameter goes to infinity. We 
outline how this can be done in appendix A. 
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superfields into the J\f = 8 framework by setting 

H = h + x''x'x\'h. (4.1) 

A generic H of homogeneity degree two will encompass the full A^ = 8 linear gravity 
supermultiplet: via the Penrose transform, the different coefficients of the powers of x 
will correspond to the different component fields of the multiplet. 

The BCFW recursion framework in [34] was based on a split signature framework in 
which the twistors are totally real and in which wavefunctions Hi were not left arbitrary, 
but were supported at a single twistor. The n-point amplitude was thereby represented 
as a function (more accurately a distribution) on n copies of twistor space. It is easily 
translated into the complex framework used here by working on complex twistor spaces, 
and replacing the real delta functions 6'^'^{Zi, Z) by complex ones 

J3|8(Z„ Z)= I %6'\\Z, + sZ) , where 5'\\Z) := H 5\Z'^) [] x" (4.2) 

-''^ ^ a=0 a=l 

with the delta functions 5^ given by (3.9) (and we use the fermionic relation 5^\^{x) = x)- 
Thus, we take Hi = 5^l^(Zj, Z) which is understood as a (0, l)-form in the Z-variable 
and a (0, 2)-form in the Zi variable so that it can be integrated against ordinary wave 
functions in the Zi variable so as to give back the standard formulae above. 

The recursion is seeded by the three point MHV and MHV-bar amplitudes. We have 
the formula (3.6) for the MHV-bar amplitude with M = A supersymmetry; removing 
the factor of A and extending to AA = 8 gives 

A^^(l,2,3)= /" H^{H,,H2}^^^,y (4.3) 

For the MHV amplitude from (3.13) we similarly obtain 

J^i,„ (cTi-CT2)^(cT2-cT3)^(a3-ai)^ 7^^„ fJ^iai-ai+iY 

where we use the notation 

Z{a) = Uoao + U^ai , {UoUi) = IijU^Uf . 



(4.4) 



Equivalent formulae are also obtained in the split signature context in [34] by half- Fourier 
transform (or alternatively in this complex context, we can substitute in momentum 
eigenstates (3.8) to obtain the standard momentum space formulae). 

Higher point amplitudes can be obtained by BCFW recursion. The BCFW momen- 
tum shift on twistor space yields 

MiZi,...,Zn)^ MiZi, ...,Zn + tZi) . 
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On momentum space a simple residue argument leads to the BCFW recursion relation 
[36, 37] and this was extended to gravity in [38, 39, 40] incorporating supersymmetry in 
[33]. When reformulated on twistor space this becomes 

M{Zi, . . . , Z„) = V / D^\^Z^Ml{Zi, Z2,..., Z,, Z)Mr{Z, Z,+i, . . . , Z„ + tZi) 

(4.5) 
where the sum is over all 1 < i < n — 1 and permutations fixing 1 and n. 

In the solution to the recursion relations, a particularly important role is played by 
the contributions in which either Ml or Mr is a three point amplitude. Up to various 
shifts, these are the main terms involved in solving the recursion relations inductively. 
The special three-particle kinematics implies that these contributions are only nontrivial 
when Ml is MHV or Mr is the MHV-bar. In these cases, the integration were per- 
formed explicitly in section 6 of [34]. To generate the n-point MHV amplitude we just 
need the recursion following from taking Mr to be the three point MHV-bar amplitude 
leading to the recursion 

M{Zi,...,Zn)= I'^dnlP^HZl, Zn-1, Zn)dn-ljM{l, . . . , n - 1) 

-FPerms{2, ...,n-l} (4.6) 

where 

P\'{Z,, Zn-i, Z„) = / ^J^I«(Z„ + sZ„_i + tZi) 
Jcxc -5 t 

and 6"^'^ has homogeneity (0, 1,3) in its respective arguments. The S"^'^ has the effect of 
ensuring that Z„ is collinear with Zi and Zn~i and so in the MHV case, the amplitude 
is supported where the twistors Zi are all collinear. Rewriting the (s, t) in terms of (T„ 
by o"n = san-i + tai, we can reexpress the resulting formula for the full MHV amplitude 
in a twistor-string format as 

M'o {Zi,...,Zn) = / d^iMI 7 ^2? \2? yi 

-l-Permutations of 2 to n — 1 (4.7) 

where Hi = S^^^iZi, Z(ai)), [0„ , dn-i] = I^'^ j^jtS — ^-^d the terms in the product are 

ordered with increasing i to the left. (In order to be fully comparable to earlier formulae, 
we must multiply by generic wave-functions and integrate out the Zi and we also need 
to use the arguments of [41] to use a cyclically ordered version of the recursion in which 
we take just the one term in (4.6) and then sum the final result over all permutations 
of 2 ton-1.) 

It is instructive to compare this to (3.14) at /c = 0. In that case we obtain 

M^=\l,...,n) = f diii{Vh^...Vh,Vh-Mr2hiri)d=i + 

-|-permutations of 3 to n and 10 2, (4.8) 
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where Vh^ = Y^jl djh^, etc. This formula, arising as it does from conformal super- 
gravity, wiU have an additional factor of A. It also has two extra derivatives (each V/j 
essentially involves two derivatives). We can see that when for example Is is contracted 
with the dZ^ contained in rs, a A will appear and two derivatives will be lost via a 
process such as (3.7) so we will obtain a term such as that displayed in (4.7). Equations 
(4.8) and (4.7) are proved to be equivalent up to a factor of A in [26]. 

5 Conclusion and discussion 

We have seen that using the twistor-string tree formulae (3.14) for Einstein supergravity 
with J\f = and 4, tree amplitudes exist for all degrees d of the rational curve and MHV 
degrees k with the expected relationship d = k + 1 between the degree of the rational 
curve and the MHV degree. By construction these are polynomials of degree n in A 
that, by the Maldacena argument vanish when A = 0, so they can be divided by A to 
yield answers that are correct also in the limit as A — )■ 0. This provides much more 
evidence than we have hitherto had that a twistor-string theory for Einstein gravity can 
be made to work. However, many challenges remain to a proper understanding of the 
structures even at tree level. 

There remain issues with the computation of the conformal field theory correlators 
on the worldsheet such as {Vj^ ■■■^h . ^h^+s ■ ■ ■ ^h„) ■ Equation (3.13) was obtained 
from the twistor action for conformal gravity rather than via a direct CFT calculation 
and is hard to show from the naive rules given earlier (although it does follow from a 
more geometric path-integral argument following the strategy outlined in [10], although 
it doesn't arise directly from the formula given there). These world-sheet conformal 
field theory calculations need a more systematic understanding in order to make this a 
useful tool for the study of Einstein amplitudes. 

By the Maldacena argument, the formulae from conformal supergravity must vanish 
in the A — )■ limit. This vanishing as A — )■ is not manifest in the above formula. We 
can choose a non-degenerate infinity twistor (corresponding to a gauged supergravity) 
with Ijjl = K5f so that any contraction between I Yj and a r will yield a factor 
of A. This vanishing as A — )■ will follow if we can show that the terms with no 
contractions between a Y and a r combine so as to vanish. We also expect the number 
of derivatives in the formula to drop by two in the process as the degree zero and one 
examples illustrate, and as suggested by the formulae from BCFW recursion at higher 
MHV degree. 

At a more basic level, we have worked under the assumption that the original twistor- 
string theories of Witten and Berkovits correctly compute conformal supergravity am- 
plitudes at tree level. Despite the fact that the gauge theory formula (1.1) has been 
around since 2004, it has only recently been proved [42, 43] and, as remarked above, the 
technicalities for conformal gravity are harder. 

Another challenge is to extend these formulae and indeed the twistor-string theory 
to AA = 8. Indeed we can naively extend the twistor-string action to AA = 8 (with the 
fermionic components of both Y and Z extended to AA = 8) . We can then consider the 
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naive extensions of our two types of vertex operator 

VH = Yil''^djH, Vh = HAt. (5.1) 

However, whereas Vh has the expected homogeneity degree zero, Vh now has weight 4 
in Z. So although Vh can be added to the action as before, this is no longer true of Vh 
which will no longer be a straightforward (1, l)-forni on the worldsheet beyond degree 
and cannot be integrated for d > 0. Nevertheless, despite this crude mismatch, these 
weights are good for enforcing the relationship d = k + 1 required to balance the weight 
of the instanton moduli measure against those of Vh as the instanton moduli space is 
no longer Calabi-Yau. 

In a subsequent paper [26] we will follow an approach based again on the Maldacena 
argument, but using the twistor action for conformal supergravity presented in [25] 
and extending the ideas from [20] to gravity with a cosmological constant. Here the 
Berkovits-Witten self-dual action is supplemented by a term that generates the MHV 
amplitudes and provides a twistor action for full conformal supergravity. This has the 
interpretation as a string-field theory action for twistor-string theory but relies only 
on the degree and 1 contributions. In [26], we will see that a similar phenomenon 
occurs, and when evaluated on Einstein data, it gives A times the appropriate term 
for Einstein gravity essentially via a straightforward integration by parts argument. 
This then extends the construction of the Einstein MHV amplitude in [20] to non-zero 
cosmological constant and gives a more robust derivation of that action. 

BCFW recursion can also be used to obtain formulae at higher MHV degree, indeed 
all the anti-MHV amplitudes were obtained in [34]. However, these will be supported on 
configurations of 2A; + 1 intersecting lines at N'^MHV [34, 44, 45] and so do not directly 
lead to twistor-string like formulae, although relations can in principle be obtained using 
the ideas of [42] and [45]. 
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A BCFW with Cosmological Constant 

In this paper (in particular, in section 4), we have assumed that BCFW recursion holds 
for gravitational amplitudes on a background with cosmological constant, A. As first 
illustrated in [37], BCFW recursion can be derived by picking two external momenta for 
a scattering amplitude and analytically continuing them with a complex variable z while 
keeping them on-shell and maintaining overall momentum conservation. The amplitude 
then becomes a complex function Ai{z): it has simple poles wherever internal propaga- 
tors go on-shell, and A^(0) is the original amplitude. These simple poles correspond to 
the terms arising in the BCFW recursion, so provided M{z ^ oo) vanishes, Cauchy's 
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theorem implies that 







1 

2^ 



dz 



Miz) =M{0) + BCFW terms, 



as desired. 

In the A = case, it was proven that 7W(z — t- cx)) = using an elegant background 
field method in [35]. With A / 0, Ai{z) still has simple poles corresponding to propa- 
gators going on-shell, so the only potential subtlety arises with the fall-off as z — )■ oo, 
and it suffices to show that the methods of [35] still work. In the large z regime, we 
are interested in quadratic fluctuations on a classical background, where the fluctua- 
tions correspond to the two shifted particles and the soft background looks like de Sitter 
space. For our gravitational amplitudes, this entails inserting a metric g^,y + h^,y, and 
extracting the portion which is quadratic in h [46]: 



C 



quad 



^h^^'ilRf.pg^^ - 2R^p^, - g^pg^^a)hf"' - ^VPJippVh^ 



MR 



1 



1 



pa 



9p.R)K - T.^h^^'h 



flU 



where h^i, = h^u — ^dpi/h, and h = gpuh^^ . To this, we add the de Bonder gauge- fixing 
term, as well as a Lagrangian density for a conformally-invariant scalar field, leaving us 
with: 



1 



/^quad = \/=5 -^h^'''{2Rppgp^ - 2Rpp^^ - g^pg^a^W - h{Rp„ - ^gpaR)hl 

-^A/i^'^V + 25^'V^'AV,0 - A</.2 

Now, we take our background metric g^^i, to be de Sitter, and implement the field 
re-definition used in [47]: 

hpp -^ hp_y + g^y(t), (j) -^ - + 4>. 



A bit of tensor algebra reveals that the quadratic Lagrangian transforms to become: 

•'-quad ^ V 9 



^g^^'^Vph^V.hP - ^ V V^'^'"" + ^5'^"V^</.V,0 - A02 



This transformation successfully eliminates all the trace terms, and after decoupling the 
re-defined scalar field, the Lagrangian is exactly the same as the one used in the fiat 
background calculation. From this point, the proof that Ai{z — )■ oo) vanishes follows in 
exactly the same fashion as in the A = case of [35]. 
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